Assessment of credit risk is of great importance in financial risk management. In this paper, we propose an improved attribute bagging method, weight-selected attribute bagging (WSAB), to evaluate credit risk. Weights of attributes are first computed using attribute evaluation method such as linear support vector machine (LSVM) and principal component analysis (PCA). Subsets of attributes are then constructed according to weights of attributes. For each of attribute subsets, the larger the weights of the attributes the larger the probabilities by which they are selected into the attribute subset. Next, training samples and test samples are projected onto each attribute subset, respectively. A scoring model is then constructed based on each set of newly produced training samples. Finally, all scoring models are used to vote for test instances. An individual model that only uses selected attributes will be more accurate because of elimination of some of redundant and uninformative attributes. Besides, the way of selecting attributes by probability can also guarantee the diversity of scoring models. Experimental results based on two credit benchmark databases show that the proposed method, WSAB, is outstanding in both prediction accuracy and stability, as compared to analogous methods.
Introduction
The assessment of credit risk has become increasingly crucial for financial institutions because high risks associated with inappropriate credit decisions may result in great losses [1] . In the latest financial crisis, many financial institutions suffered heavy losses from numerous customers' defaults on loans. Therefore, effective methods for evaluating credit risk are needed to help financial institutions to avoid losses [2] . The objective of credit scoring is to assign credit applicants to either a "good credit" group with high possibility to repay their financial obligation or a "bad credit" group with high possibility to default on their financial obligation. When considering the application for a large loan, the lender tends to evaluate the risk by a loan officer or even a committee to investigate the applicant in detail. Nevertheless, with the rapid growth and increasing competition in credit industry, it is necessary to perform fast automatic decisions on credit risk evaluations for financial institutions, especially when facing millions of applications for credit cards or consumer loans simultaneously. This demand leads to the birth of quantitative credit scoring method.
Quantitative credit scoring has gained more and more attention in recent years because an improvement in accuracy, even a fraction of a percent, can translate into significant future savings for the credit institutions [3] . Quantitative credit scoring models are developed based on the observations of historical data including income, age, and profession for good and bad examples, respectively. An excellent model should allow accurate classification of new applicants as good or bad.
Numerous models have been developed to evaluate consumer loans and improve credit scoring accuracy [4] . Initially, some statistical techniques are widely used to build credit scoring models such as linear discriminate analysis (LDA) [5] and logistic regression (LR) [6] . Although the two methods are relatively simple and explainable, the ability to discriminate good credit applicants from bad ones is still disputed. LDA is criticized because it needs a strong hypothesis such as the categorical property of the data and the variance homogeneity. In reality, the covariance matrices of good credit data are considerably distinct from those of bad credit data. Besides, both LDA and LR are linear classifiers, such that they are not suitable for complex 2 Mathematical Problems in Engineering nonlinear classification problems featured in credit scoring. In recent years, some new methods from the field of artificial intelligence have also been applied to the credit scoring, such as decision trees [7, 8] , k-nearest neighbor (KNN) [9] , artificial neural networks [10, 11] , genetic algorithms [12] [13] [14] , genetic programming [15, 16] , artificial immune algorithms [17] , and support vector machines (SVM) [18, 19] . Among these artificial intelligence methods, decision trees, artificial neural networks, and support vector machines are generally regarded as the most efficient individual models [20] . Furthermore, in order to improve the prediction accuracy and overcome the shortcoming of individual scoring model, twostage scoring models [16, 21] , hybrid scoring models [22, 23] and ensemble scoring models [20, 24] are also introduced. Experimental results show that these models perform better than individual classifiers.
Ensemble learning that combines outputs from multiple individual classifiers is one of the most important techniques for improving classification accuracy in machine learning [25, 26] . For example, an ensemble of multiple least square SVMs can obtain higher accuracy than the individual least square SVM in credit scoring and bankruptcy prediction [24] . Among ensemble learning models, bagging (short for "bootstrap aggregating") and boosting are two kinds of popular and widely used methods. Standard bagging (SB) [27, 28] is based on data partitioning which produces k working sets, each one with the same size as the original training set through randomly sampling from the original training set with replacement. Then, each working set is used to train a child classifier independently. During test phase, a test instance is evaluated by all child classifiers simultaneously and a collective decision is obtained based on some aggregation strategy. Boosting [25, 26, 29] is also based on data partitioning. Boosting produces a series of child classifiers, and the training dataset of each child classifier is generated according to the classification errors of previously created child classifiers. Test examples are classified by combining the predictions of all child classifiers according to a special aggregation strategy. AdaBoost is the most frequently used boosting method [25, 26] .
Theoretical and experimental results suggest that combining classifiers can give effective improvement in accuracy if classifiers within an ensemble are not correlated with each other [30, 31] . One of the most effective methods of achieving such independence is to train the members in the ensemble by using different attribute subsets [32] . In other words, attribute partitioning methods can obtain better performance than data partitioning methods in ensemble learning [30] . Ensemble learning methods based on attribute partitioning are called as attribute bagging (AB) and have been investigated in many publications [33, 34] . Also, some AB models have been used to construct credit scoring systems and show promising results [35, 36] .
For attribute bagging models, the selection of optimal attribute subsets plays an important role. Usually, attributes are selected randomly to construct attribute subsets. This method is called randomly selected attribute bagging (RSAB) [30] . However, RSAB has a deficiency that elements of some attribute subsets may contribute little to classification. The individual classifiers trained by such subsets perform badly in terms of accuracy. These individual classifiers lead to bad bagging results.
To overcome the shortcomings of RSAB, we propose a new attribute ensemble learning method, namely, weightselected attribute bagging (WSAB). WSAB is based on the fact that some attributes are more important for the classification problem than others [37, 38] . Therefore, the more important attributes should appear more frequently in attribute subsets of AB model so as to guarantee that all individual classifiers perform well. In order to achieve this, the probabilities of the important attributes to be selected into attribute subsets should be larger than those of the unimportant attributes. Besides, the individual classifier that uses only a subset of original attributes will become more accurate after eliminating some redundant and uninformative features. On the other hand, given a certain size of attribute subsets (smaller than the total number of original attributes), selecting attributes by probability can result in some differences between different attribute subsets. Therefore, the diversity between different classifiers in an ensemble can be ensured. In other words, the WSAB can still keep the independence to some extent among different classifiers.
The implementation of the WSAB model contains two phases. In the first phase, weights of attributes need to be calculated using some attribute evaluation method. The weight w expresses the importance extent of the ith attribute for a given classification problem. In the second phase, an appropriate attribute subset size is firstly decided. Then, weights of attributes are used to construct attribute subsets such that the attributes with the larger weights will be selected into attribute subsets with the larger probability. In this way, attribute subsets contain the attributes that are important to classification, with the large probability, so that the accuracy of individual classifiers can be guaranteed. Then, like normal attribute bagging (AB), projections of training examples onto every attribute subset are created, respectively. Individual classifiers are trained based on every projection, and test instances are classified by combining the predictions of all individual classifiers according to a specific aggregation strategy, usually voting by majority. This paper attempts to introduce the WSAB model to solve credit scoring problem. Experimental results, based on two credit datasets from the UCI (University of California, Irvine, CA, USA) Machine Learning Repository [39] , show that the WSAB is outstanding in both the prediction accuracy and stability, compared with RSAB, SB, AdaBoost, and single classifier.
The rest of this paper is organized as follows. The related research work is reviewed in Section 2. The WSAB model is described in Section 3. Subsequently, experimental results and empirical analysis are given in Section 4. The last section concludes this paper and addresses the future research task. , based on m training subsets, respectively. For a test instance, the final result is obtained via combining the outputs of m models by a specific strategy (voting for classification or averaging for regression). According to theoretical and empirical results, standard bagging can give a significant improvement in classification accuracy as well as stability [24] . In standard bagging, each classifier may be less accurate than the classifier using all training examples. However, after these classifiers are combined, the ensemble result is more accurate than the single classifier using all training samples. The diversity among individual classifiers compensates for the accuracy loss of individual classifiers in ensemble and hence improves prediction performance.
Related Work
Boosting [29] is another effective method to improve the accuracy of any given learning algorithm. Boosting produces a series of classifiers, and the training dataset of each classifier is generated based on the accuracy of previously created classifiers. The samples misclassified by previously created classifiers will have larger probability to be selected into the new training dataset. By doing this, the new classifier can pay more attention to the samples that are difficult for previously created classifiers. Boosting can be implemented in several different ways. Arcing [28] and AdaBoost [40] are two important representatives. In Arcing, the classifiers' votes are weighted equally, while AdaBoost weights the predictions based on classifiers' training accuracies. It is noted that the effectiveness of boosting depends more on the data set than on base classifiers. Though boosting can significantly improve performance of weak classifiers, the ensemble is easy to focus on several special training examples that are difficult to be classified. Therefore, boosting is not stable.
Standard bagging and AdaBoost do not need too many rounds in training. Experimental results [34] show that the improvement of the performance of the learning model occurs often in the first several rounds.
Attribute Partitioning Ensemble Methods.
Compared to data partitioning ensemble methods, attribute partitioning ensemble methods can make individual classifiers within an ensemble more "independent" [32] and then can obtain better effectiveness [30] .
The bagging method based on attribute partitioning can be called attribute bagging (AB). The AB method generates attribute subsets through selecting attributes from the whole attribute set without replacement. Then, projections of training examples onto attribute subsets are created. Each child classifier is trained based on each projection, respectively, and all child classifiers are aggregated by some combination strategy. During the test phase, a test instance is fed to all child classifiers simultaneously and a collective decision is obtained based on the aggregation strategy. In conventional attribute bagging methods, attribute subsets are generated through randomly selecting attributes from the whole attribute set. This method is called randomly selected attribute bagging (RSAB). For RSAB, all attributes have the same probability to be selected into one attribute subset. However, some attributes are very important but the others are not important for classification problems. As mentioned before, RSAB has a deficiency that some attribute subsets may only contain the attributes that contribute less to classification. Such classifiers are prone to resulting in bad bagging results.
To overcome the deficiency of RSAB, some optimization methods are used to select optimal attribute subsets. GuerraSalcedo and Whitley use a genetic algorithm (GA) to explore the space of all possible feature subsets [41] . Their experiments compare two data partitioning ensemble methods including bagging and AdaBoost with three different AB models: complete, random and genetic, search. Experimental results show that attribute subsets selected by GA perform best, followed by RSAB. Optiz also uses GA to search for attribute subsets for ensembles [33] , and experimental results also demonstrate the fact that genetic ensemble feature selection (GEFS) performs better than standard bagging (SB) and AdaBoost. However, using GA to select attribute subsets is very computationally intensive, and GA needs to evaluate each classifier after combining two objectivesaccuracy and diversity in a subjective manner. Another method of selecting optimal attribute subsets for ensemble is proposed by Bryll et al. [30] . They only used the best random attribute subsets for voting. Their experiments show that ranking attribute subsets by classification accuracy and then only using the best subsets further improve the classification performance of ensemble. However, to determine which individual classifier is more accurate is very difficult because test dataset is not known beforehand. Besides, only using the best classifiers to perform ensemble may reduce the diversity among classifiers. Therefore, it is difficult to reach a balance between accuracy and diversity of individual classifiers.
Weight-Selected Attribute Bagging (WSAB)

Evaluating Weights of Attributes.
In the first phase of WSAB modeling, weights of attributes need to be computed using attribute (or feature) evaluation method. In practice, many methods can be used to obtain weights of attributes such as linear SVM (LSVM), principal component analysis (PCA), correlation analysis, F-score model, LDA, and multivariate adaptive regression splines (MARS). Different approaches to decide weights of attributes are of different characteristics. In this paper, we attempt to employ LSVM and PCA, respectively, to evaluate weights of attributes.
Evaluating Weights of Attributes via LSVM.
The SVM, proposed by Vapnik [42] , is based on the statistical learning theory and has showed state-of-the-art performance for many classification problems. Basic SVM is designed to solve binary classification problems and implements the structural risk minimization theory by seeking a maximum-margin Assume that there exists a training example set = {( 1 , 1 ), ( 2 , 2 ), . . . , ( , )}, where ∈ , ∈ {−1, +1}, and represents class labels of training examples , = 1, 2, . . . , . For seeking the maximum-margin hyperplane = ⋅ , the optimization objective of SVM is to minimize
subject to the constraints
where C is a penalty factor. To solve this quadratic optimization problem, we need to find the saddle point of the Lagrange function:
where , are Lagrange multipliers and ≥ 0, ≥ 0. By differentiating with respect to w and b, and using the Karush Kuhn-Tucker (KKT) condition, is transformed to the dual Lagrangian ( ):
( ⋅ ) ,
The solution * = ( * 1 , * 2 , . . . , * ) can be obtained by solving this quadratic optimization problem. Those { } corresponding to nonzero * are called support vectors. The parameters * and * of the optimal hyperplane can be obtained as follows:
where denotes the total number of support vectors. Then, the optimal hyperplane decision function ( ) = sgn(( * ⋅ ) + * ) can be written as
SVM with linear kernel can be used to evaluate the weights of attributes. The decision function can be rewritten as
According to [43] , the vector * = ( 1 , 2 , . . . , ) can be used as weights of attributes, where d represents the total number of attributes. LSVM categorizes new data instances by testing whether the linear combination of the components of the vector = ( 1 , 2 , . . . , ) , 1 1 + 2 2 + ⋅ ⋅ ⋅ + , is above or below some threshold - * . It is easy to find that the larger the | | the larger the impact of the corresponding jth attribute on the linear combination
. This means that the final classification result is sensitive to the jth attribute, and then the jth attribute can be considered as being important for classification problem.
Attribute (or feature) evaluating using LSVM has a strict theoretical foundation [43] . Obviously, an attribute is considered as being important if it significantly influences the width of the margin between two classes. According to the theory of SVM, the margin is inversely proportional to the length ‖ ‖ of w. For the solution = ∑ obtained by linear SVM (for the convenience of expression, the stars above w and are omitted), ‖ ‖ 2 can be regarded as a function of the training vectors 1 , 2 , . . . , , where = ( 1 , 2 , . . . , ), and thus the influence of feature j on ‖ ‖ 2 can be evaluated via absolute values of partial derivatives of ‖ ‖ 2 with respect to . This approach can provide an approximate analysis on importance extent of attributes although it neglects the fact that the values of the multipliers will change with training vectors changing [43] .
For linear SVM, it turns out that
where the sum is over all support vectors and k is a constant independent of j. Thus, the attributes with the higher | | are of the more important role in determining the width of the margin. Intuitively, this type of feature weighting seems to be appealing because features with small value of | | do not have large influence on the output of SVM. Thus, these features can be considered as being unimportant for classification. Support vector machine is based on the structural risk minimization theory and is an outstanding classification method. Meanwhile, the credit scoring problem is also a classification problem in essence. Hence, it is natural and reasonable that linear support vector machine is adopted to evaluate weights of attributes. In other words, the weights decided by LSVM are closely related to classification ability of classifiers.
Evaluating Weights of Attributes via PCA.
As an alternative method, PCA is also used to evaluate weights of attributes in this paper. The main idea of PCA is to find the principal directions which best describe the distribution of credit samples within the entire credit sample space. The original variables are transformed to a set of new variables which are uncorrelated with each other and can be ranked from large to small in terms of variance such that the first several variables retain most of the variation in the entire original data.
Considering the set = { 1 , 2 , . . . , }, which only contains input vectors of training examples in = { ( 1 , 1 ), ( 2 , 2 ) , . . . , ( , )}. The vectors in are centered by = − , where = (1/ ) ∑ =1 , and then principal component analysis is performed to seek orthonormal vectors, ( = 1, 2, . . . , ), which best describe the distribution of original data. The kth vector, , is chosen such that
is maximized, subject to
Thus, the vectors and the scalars are the eigenvectors and the eigenvalues, respectively, of the covariance matrix
The eigenvectors can be ranked via their corresponding eigenvalues from large to small to reflect their importance extent in characterizing the variation of original data. These eigenvectors span a new space, and all training samples are projected into the new space.
An example is transformed to V = (V 1 , V 2 , . . . , V ℎ ) in the new space by the following operation,
where h is the total number of the reserved eigenvectors.
The eigenvalue is the variance of original data in the direction of the eigenvector and hence reflects the capability of the kth attribute in the new space in describing original data. As such, = / ∑ ℎ =1
can be defined as the importance percentage of the kth attribute in the new space.
PCA and LSVM provide two different ways of evaluating weights of attributes. LSVM method selects attributes in the original space while PCA method selects attributes in the transformed feature space. Additionally, weights of attributes decided by LSVM reflect the classification ability of the corresponding attributes, and those obtained by PCA reflect the description capability for original data distribution.
Weight-Selected Attribute
Bagging. After obtaining weights of attributes, we can select attributes based on probabilities decided by weights of attributes and train multiple classifiers using different attribute subsets, respectively, to perform attribute bagging.
The essence of weight-selected attribute bagging (WSAB) lies in the way of selecting attributes for each individual classifier in an ensemble (bagging). Concretely speaking, weights of attributes are used to construct many different attribute subsets such that the attributes with the larger weights have the larger probabilities to be selected into each attribute subset. The selection of attributes for each single attribute subset does not permit repetition of attributes that is, there are no repeated attributes in each attribute subset, but the same attributes can be chosen into different attribute subsets. Thus, the subsets containing unimportant features only can be avoided with a larger probability, compared to randomly selected attribute bagging (RSAB), so that the classification accuracies of individual classifiers can be guaranteed. On the other hand, the diversity of individual classifiers can be still ensured because attributes are chosen by probabilities and there exist differences among different attribute subsets.
Subsequently, like standard attribute bagging (AB), projections of training examples onto these attribute subsets are created. Individual scoring models are trained based on each projection, respectively, and all individual scoring models are aggregated by a specific strategy for test instances.
The appropriate size of attribute subset can be determined by cross-validation technique. The original training set is divided into two parts-a new training set and a validation set. With the attribute subset size changing from 1 to (weights are decided by linear SVM) or ℎ (weights are decided by PCA), (or ℎ) WSAB models with different attribute subset sizes are created, respectively. Then, the validation set is used to test these WSAB models to find out the optimal attribute subset size.
The main steps of WSAB are as follows.
Step 1. Compute weights of attributes, 1 , 2 , . . . , (or ℎ ), via attribute evaluating method.
Step 2. Decide an appropriate attribute subset size, m, by cross-validation.
Step 3. Generate a series of attribute subsets through repeating the following substeps. (E) if t = m, one attribute subset is created; else go to (B).
Step 4. Create projections of training examples onto the selected attribute subsets.
Step 5. Train individual classification models based on each projection, respectively, and use all individual scoring models to vote for test instances. The modeling process of WSAB is illustrated in Figure 2 . Table 1 , which are German credit dataset and Australian credit dataset from the UCI Machine Learning Repository [39] . In German credit dataset, there are 1000 instances which contain 700 instances of creditworthy applicants and 300 instances regarded as bad credit applicants. Each example consists of 24 predictive attributes. Australian credit dataset includes 690 observers which record 307 good credit applicants and 383 bad credit applicants, and every instance consists of 14 predictive attributes.
Experimental Results and Comparisons
Credit Datasets. Two datasets are described in
Experimental Settings.
We randomly divided the whole dataset into two parts-training set and test set. Training set takes two-thirds of the whole dataset and testing set takes one third of the whole dataset. The SVM with a Gaussian kernel was chosen as the basic classifier. Grid search in training set was used to decide the best parameters of SVM. The PR tools [44] developed by MATLAB language was utilized as experimental platform. Each bagging model was repeated for 30 times, and then the average accuracy and the average standard deviation of accuracy were computed.
Evaluating Weights of Attributes
Evaluating Weights of Attributes via LSVM.
The LSVM was performed on training dataset to obtain the weight of the jth attribute, . Then the importance percentage of the jth attribute was computed as / ∑ . The results are shown in Figure 3 for Australian dataset and Figure 4 for German dataset, respectively. For Australian dataset, the top four important attributes make up 61.30% of the sum of all attribute weights, while the four most unimportant attributes only make up 3.82%. In addition, the most important one makes up 28.91% of the sum of all attribute weights and the most unimportant one makes up only 0.37% of the sum. The statistical results mean that, for Australian dataset, a few attributes are very important yet some other attributes contribute less to classification.
For German dataset, the top seven important attributes make up 56.33% of the sum of all attribute weights, while the four most unimportant attributes only make up 8.46%. Meanwhile, the most important attribute makes up 12.76% of the sum of all attribute weights and the most unimportant one makes up only 0.71% of the sum. Compared to Australian dataset, we can conclude that the importance extent of each attribute in German dataset is more evenly distributed.
Evaluating Weights of Attributes via PCA.
We also performed PCA to calculate weights of attributes. Just as described in Section 3, weights of attributes obtained by linear SVM reflect the classification ability of attributes, but those obtained by PCA mainly describe the distribution of the original data.
The eigenvalues and their corresponding eigenvectors of the covariance matrix for each dataset were calculated. Then, all training instances were projected onto the space spanned by h orthonormal eigenvectors. The importance percentage of each new attribute can be presented as / ∑ ℎ =1
. Analogous to the analysis on weights of attributes from LSVM, the distribution of the attribute importance obtained by PCA is shown in Figure 5 for Australian dataset and Figure 6 for German dataset.
For Australian dataset, the top four important attributes make up 78.3% of the sum of all attribute weights, while the four most unimportant attributes only make up 1.80%. Additionally, the most important attribute makes up 30.2% of the sum of all attribute weights and the most unimportant one makes up only 0.23%. The results reflect the fact that several main attributes contribute more to the description of the original data for Australian dataset, yet some other attributes provide less information for the original data. For German dataset, the top seven important attributes make up 63.25% of the sum of all attribute weights, while the seven most unimportant attributes only make up 5.85%. The most important attribute makes up 13.5% of the sum of all attribute weights and the most unimportant attribute makes up only 0.33%. Therefore, the importance of each attribute for German dataset is more evenly distributed, compared to Australian dataset. Interestingly, the results obtained via PCA are similar to those via LSVM not only for Australian dataset but also for German dataset, although LSVM and PCA adopt different approaches to calculating the weights of attributes one for data classification, and the other for data description.
Performance Comparison on Different Attribute Bagging
Methods with Different Attribute Subset Sizes
Comparison on Accuracy.
The size of attribute subset is critical for attribute bagging. Hence, this section will evaluate classification accuracy of the WSAB with different sizes of attribute subsets. Meanwhile, several other related methods were also compared. For the convenience of expression, the WSAB using LSVM to determine weights of attributes is abbreviated as LSVM-WSAB; the WSAB using PCA to calculate weights of attributes is denoted as PCA-WSAB; the randomly selected attribute bagging is written as RSAB. For each bagging method as well as for each size of attribute subset ranging from 1 to d (or h), 45 classifiers were built to perform voting for test instances. Concretely speaking, for each attribute bagging method, 45 attribute subsets with the same subset size m were created, and then training examples and test examples were, respectively, projected onto the m selected attributes. Subsequently, 45 SVMs corresponding to 45 attribute subsets, respectively, were trained to vote for test instances. For each attribute subset size and each bagging method, 30 trials of the above process were performed and their results were averaged to evaluate classification accuracy. Furthermore, in order to prove the superiority of the voting, each attribute bagging method was also compared with the best single classifier. The best single classifier is represented as BS-SVM. The final results are given in Figure 7 for Australian dataset and Figure 8 for German dataset.
From Figures 7 and 8 , the accuracy of WSAB is not high for small size of attribute subset, but rises gradually as the size of attribute subset becomes larger; then the accuracy tends to decrease when the size of attribute subset becomes large enough. Meanwhile, RSAB has the same behavior as WSAB. However, when the size of attribute subset is small, LSVM-WSAB and PCA-WSAB are more accurate than RSAB. In addition, LSVM-WSAB and PCA-WSAB are able to use smaller size of attribute subset to reach the maximum accuracy than RSAB. Meanwhile, the maximum accuracies of LSVM-WSAB and PCA-WSAB are higher than that of RSAB. We can provide a reasonable explanation for this phenomenon. For too small attribute subsets, individual classifiers used for voting have low accuracies since the information used for classification is lost too much. On the other side, for too large attribute subsets, the diversity among all members in ensemble decreases, so that the ensemble effect is affected. Additionally, for RSAB, the attributes in attribute subsets are selected randomly. Hence, RSAB needs larger sizes of attribute subsets to acquire sufficient information in order to reach its highest classification accuracy. However, WSAB selects attributes in terms of weights, such that WSAB can use smaller sizes of attribute subsets to contain most of important attributes and then to achieve its highest accuracy.
LSVM-WSAB, PCA-WSAB and RSAB are more accurate than BS-SVM for large size of attribute subset. The maximum accuracies of LSVM-WSAB, PCA-WSAB, and RSAB are higher than that of BS-SVM. The results prove that attribute bagging can improve effectively the performance of single classifier.
Additionally, PCA-WSAB needs less attributes to reach the maximum accuracy than LSVM-WSAB. The reason lies in the fact that PCA eliminates the correlation among attributes and the important attributes are more concentrated on several eigenvectors.
Moreover, an interesting finding for WSAB is that small size of attribute subsets can achieve high accuracy for Australian dataset, whereas for German dataset, accuracy of WSAB rises slowly with the size of attribute subset increasing. As we mentioned before, the important attributes in Australian dataset are concentrated on only several variables, and the remaining attributes contribute less to classification. Hence, WSAB model can acquire enough information using a small size of attribute subset for Australian dataset. However, for German dataset, the importance of attributes is more evenly distributed, and thus WSAB needs larger size of attribute subset to obtain enough information for classification.
Comparison on Stability.
When computing average accuracy of 30 trials for each attribute bagging model as well as for each attribute subset size, the standard deviation of accuracy was also computed to evaluate the classification stability of attribute bagging models. The standard deviations are shown in Figure 9 for Australian dataset and Figure 10 for German dataset.
From Figures 9 and 10 , when the size of attribute subset is small, the standard deviation of accuracy of WSAB is larger than RSAB; when the size of attribute subset becomes larger gradually, the standard deviation of accuracy of WSAB Mathematical Problems in Engineering become smaller than RSAB. This is because when the size of attribute subset is small, most of attribute subsets may not contain important attributes, so the accuracy of RSAB is always low. Meanwhile, for small attribute subsets, some of them for WSAB may contain important attributes, yet the other some may not contain any important attributes; so the performance of WSAB model is not stable. But for large attribute subsets, most of important attributes can be chosen into attribute subsets with large probability, resulting in the stable classification performance of WSAB.
On the other hand, RSAB randomly chooses attributes into attribute subsets, each attribute with the same probability; so larger difference exists between different attribute subsets for RSAB than for WSAB. Therefore, the performance of RSAB becomes less stable than WSAB when the size of attribute subset becomes larger. Furthermore, when WSAB and RSAB adopt their optimal sizes of attribute subsets, respectively, the standard deviation of accuracy of WSAB is smaller than that of RSAB. The highest accuracy of each model and the corresponding standard deviation (Std) are shown in Table 2 for Australian dataset and Table 3 for German dataset. From Tables 2 and 3 , WSAB model performs better than RSAB both in accuracy and stability, and all attribute bagging methods have higher accuracies than BS-SVM.
Performance Comparison on Different Ensemble Methods with Different Numbers of Voters
Comparison on Accuracy.
In this section, each attribute bagging model adopts its optimal attribute subset size, which is calculated by cross-validation. Then, we compare the accuracies of attribute bagging models including LSVM-WSAB, PCA-WSAB, and RSAB, as well as data partitioning ensemble models including standard bagging (SB) and AdaBoost, with the number of voters changing. For each number of voters and for each model, the experiments were also repeated 30 times, and the average accuracy was computed. The results are illustrated in Figure 11 for Australian dataset and Figure 12 for German dataset. From Figures 11 and 12 , WSAB has higher accuracy than SB and AdaBoost for almost each number of voters. This is because WSAB can reserve important attributes and eliminate some redundant and uninformative attributes by large probability. When the number of voters is small, SB and AdaBoost have higher accuracies than RSAB. But when the number of voters is more than 10, RSAB has higher accuracy than standard bagging and AdaBoost. The reason is that RSAB needs more voters in order to include most of important attributes. Moreover, the accuracy of standard bagging model increases gradually before the number of voters reaches 20, and its accuracy maintains at a certain level after the number of the voters is larger than 20. The accuracy of AdaBoost fluctuates most sharply with the number of voters changing. Meanwhile, the accuracies of attribute bagging models increase quickly before the number of voters reaches 20 and then their accuracies also maintain at certain levels. This is because standard bagging and AdaBoost sample from training dataset with all attributes for each voter, whereas attribute bagging only uses part of attributes. Therefore, attribute bagging needs to use more voters to "cover" all attributes, and with the number of voters increasing, more information is integrated into bagging model. The higher accuracies achieved by attribute bagging models support the conclusion that attribute bagging models are superior to data partitioning ensemble models.
For small number of voters, both LSVM-WSAB and PCA-WSAB perform better than RSAB. This further proves our idea that WSAB model can utilize important attributes to obtain better classification results. For large numbers of voters, WSAB model performs slightly better than RSAB for Australian dataset and much better than RSAB for German dataset. Therefore, the conclusion can be made that WSAB outperforms RSAB.
Comparison on Stability.
Besides computing average accuracies of 30 trials for each number of voters, we also computed the standard deviation of accuracy to evaluate the classification stability of different methods. The standard deviations of classification accuracy for each model are shown in Figure 13 for Australian dataset and Figure 14 for German dataset.
From Figures 13 and 14 , for small number of voters, WSAB has almost the same standard deviation as SB, and RSAB has higher standard deviation than SB. But for large number of voters, WSAB has lower standard deviation than SB, and SB has nearly the same standard deviation as SB. Additionally, when the number of voters is more than 10, the standard deviation of accuracy of AdaBoost is much larger than other methods. This supports the conclusion that boosting is easy to bias on several samples which are difficult to be classified. Therefore, boosting is not stable for the credit scoring problem; sometimes effective and sometimes not.
Furthermore, WSAB is more stable than RSAB. The reason is that WSAB can select important attributes for each child classifier, such that the accuracies of child classifiers in WSAB fluctuate less than those of RSAB. Therefore, from the viewpoint of the whole results, WSAB is more stable than RSAB.
When the number of voters is larger than 50, the accuracy and stability of each ensemble model maintain certain levels. Therefore, in order to compare the performance of all ensemble models, we show the accuracies of all ensemble models in Table 4 for Australian dataset and Table 5 for German dataset when the number of voters is 50.
From Tables 4 and 5 , WSAB model performs best both on accuracy and stability, and RSAB model follows.
Conclusions and Future Research
This paper presents the WSAB for credit risk evaluation. The implementation of WSAB includes two steps. The first step is to determine weights of attributes. During the second step, attributes are selected into attribute subsets according to the probabilities determined by attribute weights. This method of modeling makes the WSAB have two advantages, namely, improving the accuracy of each individual classifier in ensemble and increasing the diversity among all individual classifiers. For the first merit, the more important attributes can be incorporated into each attribute subset with the larger probabilities so that each individual classifier can acquire high classification accuracy. For the second merit, the way of selecting attributes by probability makes different attribute subsets have different unimportant attributes which are of small weights, and consequently the diversity among different classifiers can be still guaranteed. In fact, accuracy and diversity are two critical factors for bagging. Experimental results also confirm the superiority of WSAB over randomly selected attribute bagging (RSAB), especially over standard bagging, AdaBoost, and individual classifier. Broadly speaking, the WSAB provides a framework of evaluating credit risk. In this framework, any attribute weighting method and any basis classifier can be combined. This paper adopts two completely different ways to compute weights of attributes: LSVM and PCA. The weights obtained by LSVM emphasize the classification ability of attributes, and the weights from PCA reflect the description ability of attributes for original data. However, credit scoring is just considered as a classification problem, for which LSVM seems to be more suitable than PCA, and experimental results also demonstrate the conclusion.
The next work will attempt to combine other approaches of computing weights of attributes and other basis classifiers to perform credit risk evaluation and then to compare their performances in terms of accuracy and stability. Additionally, the WSAB can also be applied to other practical systems, such as stock market prediction [45] and MRI brain image classification [46] .
